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to obtain its properties analogous to the basic known properties of free
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1. INTRODUCTION

Perhaps one may recognize that the theory of languages and automata is based
on certain properties of particular subsets of free monoids the so called rational
sets. Besides the uniqueness of factorization of words in free monoids plays a central
role in developing such a theory. It is thus not surprising that characterizations of
submonoids of free monoids which are also free has obtained considerable interest
from both semigroups and languages theorists. This naturally lead to study and
characterizing certain types of codes, i.e. the bases or generating sets of free monoids.
Prefix codes in particular has its significant role in the study of rational languages
and finite automata . In nature, there are different languages expressed in terms of
different (and disjoint) alphabets. Interaction between different languages may be
viewed as mappings (or translators) between the corresponding alphabets. Formally,
a natural model of the situation may have the structure of certain kinds of strong
semilattices of monoids, the so called free semilattices of monoids. In the present
work we discuss this structure to obtain its properties analogous to the basic known
properties of free monoids..

2. PRELIMINARIES

For sake of reference and fixing notation we cite here some basic definitions and
results needed for our work.

A semilattice is a pair (S, <) where S is a set and < is a partial ordering on S
(i.e. < is a reflexive, antisymmytric and transitive relation on S), such that every
pair of elements a,b € S has a greatest lower bound a A b in S.
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A semigroup S is called a band if every element a € S is idempotent i.e. aa = a
(or a®> = a). Note that a semigroup S is a commutative band iff S (with the same
partial ordering) is a semilattice. Actually if S is a commutative band, then the
relation < define on S by a < b iff ab = a turns S into a semilattice where for every
pair a,b € S, a A b is given by ab (the product of a,b in S). Conversely, if (5, <) is
a semilattice, then S is a commutative band with the operation in S defined by V
a,be S, ab=aAb (=bAa)=ba. (Thus in particular a®> = a = a A a = a).

Let Y be a semilattice and let {S,, : @ € Y}be a collection of (disjoint) semigroups
of particular type F.

Then the disjoint union S = aLeJY S, is called a strong semilattice of semigroups

Se , a €Y if for all o, § €Y with a > 3 there exists a homomorphism
Ya,8: Sa — 53
such that ¢, o is the identical homomorphism, and for « > > v in Y,

P8y ©C Pa,g = Pa,y-

We may write S = [V, Sa,¢a,g | to indicate that S is a strong semilattice Y of
semigroups Sy, a €Y.

If S=1[Y,S4,¢a,p ] , then there is a (unique) operation on S that extends the
binary operation of S, for every a € Y, given by, for a,b € S, say a € S,, b€ Sp

ab = Qa,a8 @0 Yg.ap b.

Here the operation in RHS is the multiplication in S,z of the elements ¢ «sa,
(p@aﬁb in Saﬂ.

In particular a strong semilattice of groups is a Clifford semigroup (i.e. a regular
semigroup with centeral idempotents). For our work we discuss the structure of
strong semilattices of monoids. In the rest of this section we cite from [5] some
requried materials.

A semigroup S is called an e—semigroup (in words, epsilon semigroup) if it is
equipped with a unary operation ¢ : S — S, z +— &, with the following axioms: for
all z,y € S

(PM1) ¢, is idempotent (i.e. €, €, = &,)

(PM2) g(.,) =€, (i.e. the operation ¢ is idempotent)

(PM3) e, x=x¢e, =2

(PM4) E(zy) = €z &y
The element ¢, is called the partial identity of x. The subset of idempotents in
an e—semigroup S is denoted by E (S), and the set of all partial identities in S,
{ex: = € S} is denoted by ¢ (5).

If S is an e—semigroup, then by (PM1), ¢ (S) C E (S) and so by (PM4), & (S) is
idempotent subsemigroup of S.

A subset B of an e—semigroup S is an e—subsemigroup of S, if B is a subsemi-
group of S and ¢, € B for every b € B.

A mapping ¢ of an e—semigroup S into an e—semigroup 7' is an e—homomorphism
if it preserves the operations of S, i.e. ¢ (zy) = ¢ (2) ¢ (y), z,y € S and €(,p) =
¢ (ez), for all z € S. Hence €(,,) is the partial identity in 7" of px, and ¢, is the
partial identity in S (of z).
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Clearly, the variety of e—semigroups contains monoids, bands, and Clifford semi-
groups. Those e—semigroup S for which £ (S) is in the center of S have a structure
theorem of strong sort. First, a definition:

An e—semigroup S is called a partial monoid if (PM5) €, is central ( for all
xz €58)

If S is a partial monoid, then an e—subsemigroup of S is called a subpartial
monoid of S. A partial monoid homomorphism is defined similarly.

In view of (PM2), we have € (S) is an idempotent eé—subsemigroup (subpartial
monoid) of S whenever S is an e—semigroup (partial monoid). In particular (by
PM5), if S is a partial monoid, then e (S) is a commutative semigroup of idem-
potents, i.e. a semilattice (with the usual partial ordering e, < ¢, iff ¢, ¢, =

Ex)

Theorem 2.1. The following two statements about a semigroup S are equivalent.

(A) S is a partial monoid.
(B) S is a strong semilattice of monoids.

Remark. The above theorem shows that if S is a partial monoid, then S is a strong
semilattice of monoids

S: [E (5)75593’ Sosw,Ey:I

We have for €, in the semilattice € (S) , S., is the maximal monoid {y € S : e, =¢,}
with the identity ¢, and for e, > ¢, (i.e. £, €, = &)

Pep,eqy * SEI - Ssya a = A&y

Conversely, if S is a strong semilattice of monoids S = [T,S4, ¥ag] , then S is a
partial monoid with e— operation for z € S, say © € S, €, = e, where e, is the
identity of the monoid S,,.

In [5] some topological and categorical aspects of partial monoids (not needn’t in
our present work) are obtained as well as a representation theorem says that every
partial monoid S is empeddablle in a certain partial monoid of partial mappings in
analogy with the same sort of theorem known for strong semilattices of groups i.e.
Clifford semigroups (see [1,2,5], where they are called partial groups) and for strong
semilattices of rings (see[3,4,7], where they are called partial rings).

In [5] examples are given to show that :

For an e— semigroup S, ¢ (S) may be a proper subset of E (S), i.e. an idempotent
in S may not be a partial identity.

There may exist different e— semigroup structures on the same semigroup S.

There may exist an e— semigroup S which is not a partial monoid (and hence
not a monoid).

Non trivial partial monoids exists, i.e. partial monoids which are not monoids
( These are introduced, in particular by partial mappings (from sets to monoids).
Less trivially, every partial monoid S is embeddablle in a certian partial monoid of
partial mappings [5, Theorem 3.4].

As shown in [5], it is easy to observe that the class of partial monoids is a variety
(Q, E) of algebras for some generator domain 2, and set of equations E, whence
free partial monoids exist. In the next section, we introduce explicit construction of
free partial monoids and develop the basic properties and characterization of them.
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Our references are, in semigroups, in general, [12,13,14,15,18,19], in semilattices
of monoids [5,6,8,9,10], and in free monoids and codes [9,11,16,17].

3. FREE PARTIAL MONOIDS. CONSTRUCTION AND BASIC CHARACTERIZATIONS

Let A be a non empty (not necessarily finite) set. For every nonempty finite
subset B of A, let e denote the identity element of the free monoid B* on B. In
other words, e stands for the empty word in B*. There exists a natural embedding
(satisfying the usual universal property)

ng: B — B*

Actually, ng sends each element b in the set B to the word in B* that consists only
of one alphabet b.

Let ¢ (A) = {ep : B is a non empty finite subset of A}. Partially ordered e (A)
by

ec <epif and only if B C C.
Then e (A) with < is clearly a semilattice, whence the greatest lower bound of any
ep,ec € e(A) is given by
e Nec =€EBuC-
Equivalently, € (A) is a commutative band with binary operation given by
ep ec =¢epuc for all eg,ec € E(A) ,
and we have for all eg,ec € € (A)
e ec = e¢ if and only if e¢ < ep if and only if B C C.
Foreg > ec ine(A), (i.e. B C C), we define a mapping
Pep ec - B* — C*

as follows: For any non empty word w € B*, say w = ng b1..ng b, (b; € B), we set

Pep e W="nc bi..mc by.
For the empty word g of B*, we set
Vep cc EB =€c  (the empty word in C™).

We observe that ¢., ., is a well defined mapping (since B C C) and clearly a
monoid homomorphism. Actually, ¢, . is a monoid monomorphism. It is also
easy to see that ¢., ., is the identity automorphism of B* and that

Pec ep Pep o = Pep D

for all ep , e¢, €p in €(A), satisfying eg ,> ¢ > ep. Summing up, we have a
strong semilattice of monoids

FPM (A) = {(e(A),B* | ¢cp c0)-

Whence,
FPM (A= U B!

ep€e(A) €8
is a partial monoid, with operation (extending the operation of B}, , ep € £(A)
given by , for any two elements in FPM (A), say
wg =ng by..ng by, € B* and we =n¢ ¢1..mc ¢ € C*
16
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we have

wp-WCc = $Pep ,epuc WB ' Pec ,epuc WC
= nBuc bi..mBuc bn NBUC C1.-NBUC Cm € (BUC)"
We define a mapping

:A—FPM(A)= U B!
77 - ( ) EBGE(A) €B

by
a — n{a} a
i.e. sending each element a € A to the word in {a}" consisting of one letter, namely
a.
Now, let S be any partial monoid and let ¥ : A — S be any mapping of sets .
Define

Wi FPM(A) — S

as follows: Let w € FPM (A), be arbitrary. Then, there is a (unique) nonempty
finite subset B of Ajsay B = {b1,bs,...,b-} and a unique (may be empty) subset
{bi1 2 bigy ey bin} of B, with

w=wp =ng bi,..nB b;, .

Define
dw =1 biy ... by, [] e,

i=1
where €y, is the partial identity of the element b; in the partial monoid S. It
follows that for each wg € B* we have

T
g/ = 61/,1,1 61/)?)2"'51/11% = H Exhb, -
(’Z’ wB) i=1

Identifying a € A with 174} a and e,} with &,, then the identity ep, viewed as the
empty word in B*, may be written

Ep = E’I{bl}bl Eﬂ{bz}bZ'“En{br}br
T
= Eby, €by+:Eh,. = H Eb;
=1

By the definition of 1;1, ’lZ)EB = ][ eys,, and since €(,,,) = €p, it follows that
i=1

K2

617) wp =1 (e(wB)) :
Clearly, 1Z is a partial monoid homomorphism, with @(B;B) c S i , Where
11 Eyb;
S r is the maximal monoid in S with identity 1; (eB) = 1] eub,-
Ewbi =1

i=1

17
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For every a € A, we have

(@n)&ﬁ = ¥ (na) =¥ (1 a)
= Ya-eys=va

whence, 17} n = 1, that is the diagram

A L FPM(A)

(G 1
S.

commutes. If o : FPM (A) — S is a partial monoid homomorphism with ¢n = 1,
we have for any w € FPM (A), say w = wp = np b;,..np b;, € B* ( with
B ={by,...,b.}),
pw = w(n{ml}ml~ﬂnmn}mn '53)
= PN, 1 Oin P, b0 P (EB)

nbi, ...ombi,, - (eB)
= by, ..Pbi, - @ (eB)

since ¢ is a partial monoid homomorphism, we have ¢ (B;"B) C Sy(ep)- Now,

Ep=¢ (n{bl}bl 5n{b2}b2~-~5mbr}br>

thus
€ = ¢
90( B) Lp(n{bl}ln E”{bQ}bz“'Eﬂ{br}br)
= E(gnby...ondy)
= 6(¢b1~~¢b7-) = Expby ---EPb,
s
= Ht’:‘wbi.
i=1
Thus,
pw = Pby,..Pb, - ¢(eB)
s
= wbuwbzn : H Eb;
i=1
= YJu.

Hence ¢ = ;b Therefore z_b is the unique partial monoid homomorphism such that
Y =1p.

Theorem 3.1. For any non empty set A, the partial monoid FPM (A) is (up to
an isomorphism) the free partial monoid on A.

18
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Remark. In the free partial monoid FPM (A), the effect of multiplying a "word”
wp by anec € € (A) (for some finite subsets B, C C A) is nothing but transforming
wp € B* to the word wpuc € (BUC)" having the same string of alphabets as
wp. In particular if b € B, then ngb € B* may be viewed as npyb.cp. (Hence
Ny € {b}*) As we identify n vy b= nb with b, we may write npb = bep. Thus if
wp =ng bi,..np b, is a word in B*, we may write

wp = Nb,.nb, €B

= bZl bi" EB.

It follows that each (non empty) word w in FPM (A) say w = wg, for some non
empty finite subset B of A,has a unique representation as product of alphabets from
B C A with ep.

In the rest of this section we give some characterizations of free partial monoids
analogous to the known characterizations [16] of free monoids. We start with a
definition.

Let M be a partial monoid (i.e. strong semilattice [e (4), M., e, e,] of monoids).
We call a subset A of M a set of partial generators of (or partially generates) M if
for every b € M, with b # &3, there is a finite set {ay,...,a,} C A such that

b=x129...Ty € »

a;

i=1
with z;, i =1,2,...,n (possibly not all distinct) are elements of {a1,...,a.} .

Theorem 3.2. Let A be a (non empty) set, M a partial monoid and leti: A — M
be an injection onto a set of partial generators of M. The following two statements
are equivalent:
(a) M is free on i (A).
(b) For any partial monoid M and map p: A — M,7 there is a unique homo-
morphism of partial monoids @ : M — M’ such that @ = pi.

Proof. (a) = (b). Let n : i(A) — M be the natural embedding (as in Theorem
2.1). Define ¢ :i(A) — M by i(a) — ¢(a), where ¢ : A — M is a given map.
<p, is a well defined map, since 7 is injection. By Theorem 2.1, there exists a unique

partial monoid homomorphism cp' - M — M ' such that <,0’ _ <,0I o 1. We have <,0I
(i(a)) =¢(a), (a€ A). Thus

’

o) = ¢ (i(a)=¢ on (i(a))

Therefore, ¢ = <p/i.
19
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(b) = (a). Let M = [i(A)]" be the free partial monoid on i(A), and let
n: i(A) — M be the natural embedding. Let ¢ : i(A) — M be the inclu-
sion map. As in the proof (a) = (b), (since M is free on i (A)), there is a partial
monoid homomorphism

®: FPM (i (A) =M — M
such that ®n = ¢. That is 5 (i(a)) = ¢ (i(a)) = i(a), (a € A), and P is the
identity on the partial generators of M " Let¢: A— M be given by
Y=ni: ASi(A) S M.

By (b) there is a partial monoid homomorphism ¥ : M — M’ such that Ui = .
For i (a) € M, we have

W (i () = i (a) = ¥ () = i (a).

Let z € M, (x = &) be arbitrary, say a = ia; ia;,...5a;,€ »  with a;, €
1 ag
=1

{a1,..,ar}, k =1,2,..,n (observe that i (A) partially generates M), and &, =
€r . We have Uz € M’ and so Ya € B* for some finite set B = {by,...,b.} C
1

[MTia
=1
i (A). Now clearly
oo = gﬁ i oap
=1
which gives
&I)\ij:EHT@nial :Elr[ial =
=1 =1
Therefore,
PV = @ (Viaj..Viaj, )V e,

= ®(niaj;..niaj,)evs

= Pniaj..Pnia; cous

= ¢(ia;)..p(iaj,)cov

= 1aj..1 05, =x.
Thus ®U = idy; (the identity map M — M). Likewise, for z € M, say x =
N1 aj .0 1 a;, €, Where €, is the identity of the maximal monoid, say B* in M’ for
some finite subset B = {i a1,...,7 a,} of 1 (A). Thus e, = ep =€y i ay--Enia. =
Eniai.mia, —Eiay.. iap- We have

Vo (z) = ¥ (Pniaj..Pnia; ®ey,)

= )\ (Z ajl...i Cljn 8@(1))

= U3 ajl...\lli aj, Evdx

= nia;..nia; ;=1
Thus ¥® = id,, . It follows that M is isomorphic to M " and the proof is complete.

0
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Given a partial monoid M, we set S = M —e (M) and
A={z€S5—5%:¢, is maximal in e (M)}
Then we have:
Theorem 3.3. Let M be a partial monoid and let A be the subset of M defined as

above. The following two statements are equivalent:

(a) M is free on A.
(b) For each x € M with x # €., there exists a unique finite set {ai,...,a,} C A

-
such that e, = [[€q, and x has a unique factorization
i=1

T=21...Tm Ex

with {x1,....m} C {a1,...,ar}.

Proof. (a) = (b). Follows from the definition of a free partial monoid and the
property of A.

(b) = (a). Let M be the free partial monoid on A, and let : A — M be the
natural embedding. Let

cp/:AHM

be the inclusion map, that is ¢ (a) = ac, =a (a € A). By the universal properly
(cf. Theorem 2.1), there exists a unique partial monoid homomorphism

gpl:M/—>M

such that gal = (pl on. We have cpl : A — M is the inclusion onto the partial generators
of M. Define

v M— M

by
,
Y (122 Tmey) = 7735177x2~-~77$mH517zi-
i=1

Clearly v is partial monoid homomorphism and n = @bgo'. Let b € M. By (b), there

@i
i=1

exists a unique set {aj,...,a,} C Asuch that e, = [[e,, =¢» andb has a unique
i=1 _

factorization

a;

b="01bs...b,, €p = b1ba...by, € »
102 b = 0102 1

1=1
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with {b1,b2,....,b,} C {a1,...,a,}. As in the proof (b) = (a) of theorem 2.2 we can
show ¢ _ = gp. Thus we have
@' b

¢ b 0 (W' bi..pp by, Ewb)

cp/ (nb1..0by, £yb)

= cp/nbl...go/nbn €_
o' b

= 0 b1...0 by €p = bibo...by £, = b.

Thus <p/ ¥ = idy. Let b € M, say b € B* for some finite B C A, there exist
by, ba,...,b, € A with

b =nb;y...nb, .
We have

Yo b

’

@ b

= w ((p,bltp,bn € )

P (golnbl ...go,nbn €_ )

/

e b

= PP bi.Ppb, € -
Y b

nb1...nb, €
P ‘4’/ b

= nby..nb, ey =b.

Thus wgol =id,,;s. Therefore M = M , and so, M is free on A. O
We may conclude directly the following

Corollary 3.4. Let M be a partial monoid satisfying one of the two equivalent
conditions of Theorem 2.3
(i) For every x € M, M., is free monoid with finite set of (free) generators
{a1 €xy...yar €5 } where {ay ,...,a, } C A is the unique set such that e, =
s
[1€a;- In particular, for every x € A, M., is cyclic with one generator a,
i=1
where a is the unique element in A such that e, = €,

T
(ii) Bverye, € € (A) = e (M) has a unique factorization e, = [[€q;, @i € A. In
i=1

s S
particular if e, = [[ea, and e, = [] e, , ai, bj € A then
i=1 j=1
ex=¢y ff A{a;:i=1,..,r}={bj:j=1,..,s}
(iii) For every e, > ey,
Peo, & Me, — M,

is a homomorphism of monoids.
22
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(iv) For every b € S — S?, there exists a unique a € A such that a e, = b.
(v) For every b€ S — S?, we have b e, € S —S? | for every e, € e (A).
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